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Abstract
The electronic transport in a system of two quantum rings side-coupled to a quantum wire is
studied via a single-band tunneling tight-binding Hamiltonian. We derived analytical expressions
for the conductance, density of states and the persistent current when the rings are threaded by
magnetic fluxes. We found a clear manifestation of the presence of bound states in each one of
those physical quantities when either the flux difference or the sum of the fluxes are zero or integer
multiples of a quantum of flux. These bound states play an important role in the magnification
of the persistent current in the rings. We also found that the persistent current keeps a large
amplitude even for strong ring-wire coupling.
PACS numbers:
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I. INTRODUCTION
Electronic transport through quantum rings structures has become the subject of ac-
tive research during the last years. Interesting quantum interference phenomena have been
predicted and measured in these mesoscopic systems in presence of a magnetic flux, such
as the Aharonov-Bohm oscillations in the conductance, persistent currents1,2,3 and Fano
antiresonances4,5. Also, optical spectroscopy measurements have allowed a determination
of the energy spectra of closed semiconducting rings6. Recently, Fu¨hrer7 reported magne-
totransport experiments on closed rings showing the Aharonov-Bohm effect on the energy
spectra.
Since the persistent currents in isolated mesoscopic rings were predicted8 and posteriorly
verified experimentally9, there have been many studied on the single rings and coupled-rings
systems. The persistent currents also have been reported in open systems. In these systems,
the persistent current magnification effect have been predicted for several authors15,16,17.
For instance Pareek and Jayannavar15reported persistent current magnification in two meso-
scopic rings connected to an electron reservoir, Yi et al.16 find giant persistent currents in
open Aharonov-Bohm rings and Bandopadhyay et al.17 obtain persistent current magnifica-
tion in multichannel mesoscopic ring.
A mesoscopic ring coupled to a reservoir was discussed theoretically a long time ago by
Bu¨ttiker10, in which the reservoir acts as a source of electrons and an inelastic scatterer.
Takai and Otha11 considered the case where the magnetic flux and an electrostatic potential
were applied simultaneously. The occurrence of persistent currents and the behavior of the
electric conductance along a normal metal loop connected to two electron reservoirs was also
discussed previously12. Recently Wunsch et al.13 find the development of long living states
in a single ring coupled to a reservoir and discuss their effect in the persistent currents and
the relation with the Dicke effect in optics.14
In a previous paper (Ref 5) we investigate the conductance and the persistent current of a
mesoscopic quantum ring attached to a perfect quantum wire in presence of a magnetic field.
We show that the system develops an oscillating band with resonances (perfect transmission)
and antiresonances (perfect reflection). In addition, an odd-even parity of the number of
sites of the ring was found. With the advances in the fabrication techniques of nanostruc-
tures, it is natural to propose and study more complex mesoscopic ring-like structures, as a
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double quantum ring, and to develop a theoretical quantum mechanical description for un-
derstanding such these new family of systems. In the present work we address to the study
of the transport properties of a system composed by two quantum rings side attached to a
quantum wire. We found persistent current magnification in the rings due to the formation
of bound states in the rings when the magnetic flux difference is an integer number of the
quantum of flux.
II. MODEL
The system under consideration is formed by two N-sites quantum rings connected by
tunnel coupling to a quantum wire waveguide of infinity length, as shown schematically in
Fig. 1. The rings are threaded by a magnetic field flux. The full system is modeled by a
single-band tight-binding Hamiltonian within a noninteracting picture, that can be written
as
H = HW +HR +HWR, (1)
with
HW = −v
∑
<i 6=j>
(c†icj + cic
†
j),
HR =
N∑
n=1,α=u,l
εαnd
†
n,αdn,α
HWR = −V0
N∑
n=1,α=u,l
(d†n,αc0 + c
†
0dn,α), (2)
where c†i is the creation operator of an electron at site i of the wire, and d
†
n,α is the cor-
responding operator of an electron in the state n of the upper (α = u) or lower (α = ℓ)
ring. The wire site-energy is assumed equal to zero and the hopping energies for wire and
rings are taken to be equal to v, whereas V0 couples both systems. In the nearest neighbors
approximation the energy of the state n of the ring α is εαn = 2vcos(2π(n + ϕα)/N) where
ϕα = Φα/Φ0, is the magnetic flux in unit of elemental quantum flux (Φ0 = h/e).
The linear conductance can be obtained from Landauer formula at zero temperature:
G =
2e2
h
T (ω = εF ) (3)
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FIG. 1: Schematic view of the two quantum ring attached to quantum wire.
where T (ω) is the transmission probability, given by,
T (ω) =
2ΓL(ω)ΓR(ω)
ΓL(ω) + ΓR(ω)
ℑm[GW0 ], (4)
here GW0 is the Green’s function of the site ”0” of the wire, the ΓL(R) is the coupling of the
site ”0” with the left (right) side of the wire.
By using a Dyson equation G = g+ gHWRG we calculate the Green’s function of the site
0 of the quantum wire coupled to the rings, obtaining the following expression:
GW0 =
i
2v sin(k)
1
1− iγ(Q1 +Q2)
, (5)
where γ = πV 20 /2v sin(ka) (ka = arccos(−ω/2v)) and Qα is given by the following equation,
Qα =
N∑
n=1
1
ω − ǫαn
=
1
2v
sin(Nka)
sin(ka)
[cos(2πϕα)− cos(Nka)]
−1. (6)
By considering symmetric couplings ΓL = ΓR = Γ(ω) = 2v sin(ka) and equations 3-5, we
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evaluate the linear conductance,
G =
2e2
h
Γ(ω)ℑm[GW0 (ω)]
∣∣
ω=εF
=
2e2
h
1
1 + γ2(Q1 +Q2)2
∣∣
ω=εF
. (7)
The density of states of the quantum rings can give us a better understanding of the
transport properties of the system. To obtain it we calculate the spectral function Sαn
from the imaginary part of the diagonal elements of the Green’s functions of the rings, Gα
(α = u, l), this is:
Gαn = g
α
n +
iγ|gαn |
2
1− iγ(Qu +Ql)
, (8)
then,
Sαn =
1
π
γ
(ω − εαn)
2
1
1 + γ2(Qu +Ql)2
. (9)
The density of states in each ring is obtained summing over all the states of the corresponding
ring:
ρα(ω) =
N∑
n=1
Sαn (ω) =
γ
π
(−∂Qα/∂ω)
1 + γ2(Qu +Ql)2
, (10)
In the presence of a magnetic flux threading the rings, a persistent current is generated
through the circular system. The persistent current density jα in the ring α, in the energy
interval dω around ω, is given by
jα(ω) =
e
hπ
N∑
n=1
(
−
∂εαn
∂ϕα
)
Sαn (ω) =
eγ
hπ
(−∂Qα/∂ϕα)
1 + γ2(Qu +Ql)2
. (11)
The total persistent current in each ring α is obtained integrating the persistent current
density over ω, we can write,
Iα =
∫
jα(ω)f(ω)dω (12)
where jα is given by Eq. 11 and f(ω) is the Fermi-Dirac distribution. In order to study
the behavior of the above physical quantities as a function of the relevant flux parameters,
we adopt new phases defined in terms of the Aharonov-Bohm phases ϕα. An added phase
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ϕ˜ = (ϕu +ϕl), and a difference phase δϕ = (ϕu− ϕl). Introducing the following definitions,
x ≡ cos(πϕ˜) cos(πδϕ)− cos(Nka),
y ≡ sin(πϕ˜) sin(πδϕ),
β ≡
1
2v
sin(Nka)
sin(ka)
, (13)
the conductance can be written as,
G =
2e2
h
[(x+ y)(x− y)]2
[(x+ y)(x− y)]2 + (γβ)2x2
∣∣
ω=εF
. (14)
From these equations we note that the conductance vanishes each time that (x + y) =
cos(2πϕl)−cos(Nka) or (x−y) = cos(2πϕu)−cos(Nka) are zero. Therefore the conductance
will present antiresonances for energies corresponding exactly to the energy spectrum of the
isolate rings. On the other hand, the resonances in the conductance are obtained when β
or x becomes null, except when y is equal to zero which occurs when ϕ˜ or δϕ, are zero or
integer values.
Similarly the density of states (DOS) and persistent current density (PCD) can be written
in terms of flux parameters as,
ρα(ω) =
Nγ(x± y)2
sin(ka)2
[1− cos(Nka) cos(π(ϕ˜± δϕ))− (2vβ/N)(x∓ y)]
(x2 − y2)2 + (2γβ)2x2
(15)
jα(ω) = −
2e
h
v sin(π(ϕ˜± δϕ))(x± y)2
(x2 − y2)2 + (2γβ)2x2
γβ. (16)
In the above expressions the upper(lower) sign corresponds to α = u(l). These analytical
results permit us to analyze its behavior as a function of the different relevant parameters of
the system. We can see that both functions oscillate with the energy and the magnetic flux
parameters and that for each ring, DOS and PCD vanishes at the eigenenergies corresponding
to the other isolated ring, except when y = 0. In particular, it can be observed that the
PCD in both rings vanishes for the zeroes of β (Ec. 13), i.e. ω = −2v cos(πj/N) (j =
1..N). Furthermore, the maxima amplitude of the DOS and PCD can be obtained from the
minimum of the common denominator in the equations 15 and 16, i.e. (x2−y2)2+(2γβ)2x2.
In what follow we present results for the conductance, density of states, and persistent
current of a double ring system of N = 10 sites, coupled through a wire. Energies are
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measured in units of the hoping parameter v. Notice that all studied physical quantities
depend in a completely equivalent form of the flux parameters ϕ˜ and δϕ, therefore its can
be analyzed as a function of any of them and the wire-ring coupling energy γ. For given
set of parameters the energy spectrum consists of a superposition of quasi-bound states
reminiscent of the corresponding localized spectrum of the isolated rings.
Figure 2 displays the linear conductance versus the Fermi energy for a coupling energy
γ = 0.5 and parameters of magnetic flux given by ϕ˜ = 0.6 and δϕ = 0.1 (upper layer)
and δϕ = 0.2 (lower layer). As expected from the analytical expression (Eq. 13) the linear
conductance presents a series of resonances and antiresonances as a function of the Fermi
energy. The zeroes in the conductance represent exactly the superposition of the spectrum
of each isolated ring ω = −2v cos(2π(n+ϕu(ℓ))/N). Notice that when the difference between
both fluxes decreases the shape of the resonances changes drastically and the conductance
becomes composed of broad and narrow peaks. When the magnetic fluxes coincide the
isolated-ring spectra are degenerated and the narrow peaks are completely suppressed from
the conductance. We will analyze in detail this situation below.
In figure 3 we have plotted the density of states (upper plot) and the persistent current
FIG. 2: Linear conductance as a function of Fermi energy measured in units of the hoping parameter
v, for γ = 0.5v, ϕ˜ = 0.6 and for a difference of fluxes between both rings of δϕ = 0.1 (top) and
δϕ = 0.2 (bottom).
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FIG. 3: Density of states (top) and persistent density current(in units of v), for ϕ˜ = 0.6, δϕ = 0.1
and γ = 0.5. The solid and dotted lines indicate upper ring and lower ring respectively.
density (lower plot) as a function of energy ω, for γ = 0.5 and flux parameters given by
ϕ˜ = 0.6 and δϕ = 0.1. The solid and dotted lines indicate upper ring and lower ring
respectively. We can see the expected structure of maxima and minima of DOS and PCD
localized in the energy values defined by the spectrum of each isolated ring. The wire-
rings coupling energy determines the mixing between the states of the two rings and in
consequence the width of the peaks in the DOS and PCD.
An interesting situation appears when the energy spectrum of both rings becomes de-
generated. This occurs when the magnetic fluxes threading the rings are equals or they are
integer multiples one of each other. This is ϕ˜ = M or δϕ = M , with M = 0,±1,±2... For
this case y ≡ sin(πϕ˜) sin(πδϕ) = 0, and we obtain,
G =
2e2
h
x2
x2 + 4γ2
,
ρα(ω) = ρs(ω) +
N∑
n=1
δ(ω − εn),
jα(ω) = js(ω) +
e
h
N∑
n=1
(
−
∂εn
∂ϕ˜
)
δ(ω − εn). (17)
where ρs and js are given by
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FIG. 4: Density of states as a function of energy (in units of v), for ϕ˜ = 0.6, δϕ = 0.0 and γ = 0.5.
ρs(ω) =
Nγ
sin(ka)2
(1− cos(Nka) cos(πϕ˜)− (2vβ/N)x)
x2 + 4γ2
js(ω) = −
e
h
2γ sin(πϕ˜)
x2 + 4γ2
. (18)
The analytical expression obtained for DOS clearly shows the presence of N bound states
reminiscent of the spectrum of an isolated ring. It is clear that they do not contribute to
the conductance. Bound states appear superposed to the corresponding spectrum of an
effective single ring coupling to the quantum wire with coupling energy equal to 2γ. Figure
4 illustrates the behavior of the DOS as a function of the energy for δϕ = 0.0. Here γ = 0.5
and ϕ˜ = 0.6. The DOS shows the superposition of sharp and broad resonances centered at
the same energies. It is important to note that the above expression are valid only if γ 6= 0.
The presence of bound states induces divergences in the persistent current density for
energies corresponding to the eigenenergies of the isolated rings. This affects the behavior
of the total persistent current inside the rings which is strongly enhanced for certain values
of the parameters as we will see below. The total persistent current for the case of equals
magnetic fluxes, ie. δϕ = 0.0 can be written as:
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Iα =
∫
js(ω)f(ω)dω +
e
h
N∑
n=1
(
−
∂εn
∂ϕ˜
)
Θ(εF − εn),
Iα = Is(γ, ϕ˜) + Ib(ϕ˜). (19)
where js(ω) is given by Eq. 18. Notice that the persistent current in each ring contains two
contributions, one Is from a single ring with an effective coupling energy 2γ and another
one Ib, independent of the coupling parameter. In order to evaluate the total persistent
current we put the Fermi energy at the center of the band i.e. εF = 0 at zero temperature.
In figure 5 we illustrate the total persistent current in units of the persistent current of an
isolated ring I0, for different values of γ. It can be observed that for small values of γ there
is an notable enhancement of the total persistent current in each ring. We observe that
the amplitude of the persistent current is nearly twice the corresponding amplitude of the
persistent current of an isolated ring I0. This magnification effect is associated with the
presence of bound states in the spectrum of the coupled-rings system.
Other interesting effect occurs for large values of γ. We observe that when γ increases,
the amplitude of the persistent current tends to I0, this is contrary to the case of a single
ring connected to reservoirs for which the amplitude of the persistent current decays to zero
for increasing γ. We show this effect in figure 6 which displays the amplitude of the total
persistent current IT and the amplitude from the contributions Is and Ib as a function of
coupling parameter. We see that for γ sufficiently large the amplitude of Is tends to zero
and the persistent current tends to I0.
Now we examine the cases for δϕ taking values close to an integer number. For these
cases y ≈ 0 and the conductance can be written approximately as a superposition of a broad
Fano line shape and a narrow Breit-Wigner line shape around x = 0 with widths Γ+ = 2γ
and Γ− = y
2/(2γβ) respectively. This is,
G ≈
2e2
h
( x2
x2 + Γ2+
+
Γ2−
x2 + Γ2−
)
. (20)
This expression clearly shows the superposition of short and long living states developed
in the rings. Figure 7 displays one of the narrow resonances of conductance for ϕ˜ = 0.6,
δϕ = 0.01 (solid line) and δϕ = 1.99 (dashed line).
Similarly, the density of states and the persistent current density can be written near
y = 0 in terms of contributions coming from the two kind of states,
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FIG. 5: Persistent Current, in units of the persistent current of an isolated ring I0, as a function of
ϕ˜ for different values of ring-wire coupling,γ = 0.001 (solid line),γ = 0.1(dashed line),γ = 1 (dotted
line) and γ = 100 (dash-dot line).
ρα(ω) ≈
Nγ
sin(ka)2
(1− cos(Nka) cos(π(ϕ˜± δϕ))− (2vβ/N)(x∓ y))(x± 2y)x
(x2 − y2)2 + Γ2+x
2
+ 2vNβ
Γ−
x2 + Γ2−
(21)
jα ≈ −
e sin(π(ϕ˜± δϕ))
h
( x(x± 2y)Γ+
(x2 − y2)2 + Γ2+x
2
+
Γ−
x2 + Γ2−
)
(22)
In Fig. 8 we show an example of the DOS (Fig. 8(a)) and the current density (Fig. 8 (b))as
a function of the energy for nearly equals magnetic fluxes, δϕ = 0.01, threading the upper
ring (solid line) or the lower ring (dashed line). The coupling energy parameter is γ = 0.001.
In Fig. 9 it is shown the total persistent current as a function of the total of magnetic flux
for different values of γ in the regime of nearly equals magnetic fluxes δϕ = 0.001.
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FIG. 6: Amplitude of the persistent current(solid line) and Is (dashed line) and Ib(dotted line) as
a function of γ measured in units of v.
The apparition of quasi-bound states in the spectrum of the system is a consequence of
the mixing of the levels of both rings which are coupled indirectly through the continuum
of states in the wire. A similar effect was discussed recently in a system with a ring coupled
to a reservoir by Wunsch et al. in ref. [13]. They relate this kind of collective states with
the Dicke effect in optics. The Dicke effect in optics takes place in the spontaneous emission
of a pair of atoms radiating a photon with a wave length much larger than the separation
between them.14 The luminescence spectrum is characterized by a narrow and a broad peak,
associated with long and short-lived states, respectively.
III. SUMMARY
We have investigated the persistent current, conductance and density of states in a system
of two side quantum rings attached to a quantum wire in the presence of magnetic fluxes
threading the rings. In the regime of nearly degenerated isolated rings spectrum, two kind
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FIG. 7: Linear conductance as a function of εF (in units of v) for δϕ = 0.01 (solid line) and
δϕ = 1.99 (dashed line).
of collective states are developed in the system. States strongly coupled to the wire with
an effective coupling twice the coupling of a single ring, and strongly localized states. We
found that when either the flux difference or the sum of the fluxes are close to zero or close
to integer multiples of a quantum of flux both, DOS and PCD show sharp and broad peaks
around the energy corresponding to the eigenenergies of the isolated rings. In the limit
when the isolated rings spectrum is completely degenerated bound states are formed in the
rings leading to a magnification of the persistent currents in the rings. We also found that
the persistent current keeps a large amplitude even for strong ring-wire coupling. This is
a purely quantum effect, and it is related to the formation of the collective states in the
double quantum-ring system.
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FIG. 8: a) DOS, b) current density in the upper ring (solid line) and lower ring (dashed line) for
δϕ = 0.01 as a function of the energy (in units of v).
FIG. 9: Persistent Current as a function of the magnetic flux for δϕ = 0.001 for different values of
coupling parameter, γ = 0.0001 (solid line), γ = 0.001 (dashed line),γ = 0.5 (dotted line), γ = 1
(dash-dot line)
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